Abstract: The Hilbert series is computed for the lepton flavor invariants of the Standard Model with three generations including the right-handed neutrino sector needed to generate light neutrino masses via the see-saw mechanism. We also compute the Hilbert series of the quark flavor invariants for the case of four generations.
Introduction
A recent study of the lepton and quark flavor invariants was performed in the Standard Model effective theory using methods from Invariant Theory [1, 2] . All flavor invariants and the structure of their non-trivial relations (syzygies) were found in the case of physical interest, namely the Standard Model effective theory with three generations of fermions, including a dimension-five Majorana neutrino mass operator for the light neutrinos.
The number of invariants of each degree in the fermions mass matrices is given compactly in terms of the Hilbert series for the invariants, which provides the necessary information to determine the number of independent invariants of each degree in the basic mass matrices. The Hilbert series for the three-generation Standard Model effective theory with a dimension-five Majorana mass term was determined in Ref. [2] . The flavor invariants in the low-energy Standard Model involve the quark mass matrices m U and m D , the charged lepton mass matrix m E , and the light neutrino Majorana mass matrix m 5 . The see-saw mechanism with singlet neutrinos provides an elegant way to generate the low-energy Majorana mass term using a renormalizable gauge theory. In the see-saw theory, the Majorana mass term m 5 is instead replaced by two other matrices, the Majorana mass matrix M of the heavy singlet neutrinos, and the Dirac mass matrix coupling the singlet and doublet neutrinos, m ν . The matrix
is the Majorana mass matrix for the light neutrinos generated by integrating out the heavy singlet neutrinos. The flavor invariants in the see-saw model are considerably more complicated than in the Standard Model effective theory, and in Ref. [2] , the Hilbert series in the see-saw theory was obtained for two generations only. The classification of the lepton invariants for the see-saw theory with three generations proved to be too difficult, and only a partial classification was given. This three-generation see-saw theory is of great physical interest since it is the leading candidate theory for a renormalizable Standard Model extension that includes neutrino masses.
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The Hilbert series for the three-generation see-saw theory can be computed using new methods developed recently in Refs. [3] [4] [5] [6] [7] and references therein, especially the MolienWeyl formula, which reduces the problem of computing the Hilbert series to that of evaluating a small number of complex integrals. This formula is a standard tool in Invariant Theory, and, given the action of a symmetry group on some mathematical objects, it allows one to compute quantities which are invariant with respect to the given symmetry.
The Molien-Weyl formula consists of two pieces: the measure of integration, which is the Haar measure of the symmetry group, and an integrand given by the so called plethystic exponential, which, for a function f (t) vanishing at the origin, is defined as:
The flavor invariants are symmetric functions of the masses of the leptons or of the quarks, which transform under specific representations of the flavor groups. Therefore, in order to count all the possible flavor invariants of a given theory, it is necessary to generate first all the possible symmetric products of the building blocks of these theories, i.e. the masses of the particles. This is precisely what the plethystic exponential does: it acts like a generator for symmetrization.
Once the Molien-Weyl formula is constructed for a given theory, one can proceed by integrating over the Haar measure, thus obtaining the Hilbert series H(t), which, for the cases we are interested in, is always guaranteed to be a rational function. The coefficients of the Taylor expansion of the Hilbert series give the number of flavor invariants of a certain degree.
Another interesting property of the theories we are examining is that the set of flavor invariants, together with the usual operations of sum and product have the structure of a ring which is finitely generated. Thus, it is an interesting problem to determine which are the generators of the ring and the relations among them. This is easily done by the plethystic logarithm of the Hilbert series which is defined as:
where µ(r) is the Möbius function, which is defined as follows:
r has repeated prime factors 1 r = 1 (−1) n r is a product of n distinct primes
The first positive terms of the Taylor expansion of this function correspond to the generators of the ring of invariants and the first negative terms correspond to the relations among them (syzygies).
In addition, we determine the quark invariants of the Standard Model for four generations of quarks as an added bonus using the same methodology.

Lepton Invariants
The Hilbert series of a general theory is defined to be
where c r is the number of invariants of degree r and c 0 = 1. Thus, the Hilbert series determines the number and degree of all flavor invariants. A general Hilbert series H(t) is of the form H(t) = N (t)/D(t), where the numerator N (t) and the denominator D(t) of the Hilbert series are polynomials in t. For the see-saw theory with three generations of leptons, the Molien-Weyl formula can be written as:
2)
The numerator of the Hilbert series computed with the formula above is There are three mass matrices in the lepton sector of the see-saw model, m ν , m E and M , and their complex conjugates m ν † , m E † and M † = M * . The Dirac mass matrix of the light neutrinos m ν and the mass matrix of the charged leptons m E are complex 3 × 3 matrices, whereas the Majorana mass matrix of the heavy singlet neutrinos is a complex symmetric 3 × 3 matrix. Thus, the dimension of the vector space on which the flavor symmetry JHEP00(2010)000 transformations act is dim V = 48, since the complex 3 × 3 matrices m ν and m E each contribute 18 and the complex symmetric matrix M contributes 12. Knop's theorem [8] states that
where p is the number of parameters. The number of parameters in the three mass matrices in the see-saw theory for three generations of leptons is p = 21, which consists of 9 masses, 6 angles and 6 phases. Thus, Knop's theorem gives 48 ≥ 48 ≥ 21. From the point of view of Invariant Theory, computing flavor invariants in the Standard Model is equivalent to computing chiral gauge invariant operators of supersymmetric gauge theories. In particular, the Hilbert series determined from (2.2) is the same as the one for counting gauge invariant operators in an N = 1 supersymmetric theory with gauge group U (3) × U (3), with one field transforming in the adjoint representation of the first group, corresponding to m E , one bi-fundamental field and its complex conjugate, corresponding to m ν and m † ν , and one field transforming in the rank-2 symmetric representation of the second gauge group and its complex conjugate, corresponding to M and M † . In addition, the superpotential is set to 0.
From this perspective, the number of parameters of the see-saw theory corresponds to the dimension of the vacuum moduli space of the gauge theory, which can be elegantly determined with an argument based on the Higgs mechanism. In the Higgs mechanism, a massless vector multiplet becomes massive by 'absorbing' degrees of freedom from a chiral multiplet. The gauge theory we are examining contains 9 degrees of freedom coming from the adjoint field, 18 coming from the bi-fundamentals and 12 coming from the symmetric rank-2 tensors. The vector multiplets becoming massive take away 18 degrees of freedom (9 per gauge group), leaving a total of 21, which correspond to the dimension of the moduli space of the gauge theory. Note that this counting correctly reproduces the number of parameters of the see-saw theory.
Quark Invariants for Four Generations
The invariants and relations for three generations of quarks were determined previously in Ref. [2] . Here we give the Hilbert series for four generations of quarks, which is considerably more complicated than the three-generation case. The general counting of physical parameters of the up-and down-quark mass matrices, m U and m D , respectively, is given in Refs. [1, 2] . In the case of four quark generations, the parameters consist of 8 masses, 6 angles and 3 phases.
The Hilbert series for four generations of quarks is 
The degree of the numerator is d N = 46, whereas the degree of the denominator is d D = 110. The plethystic logarithm of this Hilbert series can be written as: 
which is considerably more complicated than the Hilbert series of the three-flavor case found in Ref. [2] . The multi-graded version of Eqs. (2.3,2.4) has also been computed, but the result is too complicated to give here; the numerator has over 6000 terms. The plethystic logarithm of this multi-graded Hilbert series can be written as: 
